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Generalized orthopair fuzzy matrices
based on Hamacher operations

I. SILAMBARASAN

ABSTRACT. The objective of this paper is to apply the concept of in-
tuitionistic fuzzy matrices and pythagorean fuzzy matrices to g-rung
orthopair fuzzy matrices. In this paper, we introduce the Hamacher
operations of g-rung orthopair fuzzy matrices and prove some desirable
properties of these operations, such as commutativity, idempotency and
monotonicity. Further, we prove De Morgan’s laws over complement for
these operations. Then we constructed the scalar multiplication (n.,A)
and exponentiation (A”»™) operations of g-rung orthopair fuzzy matri-
ces and investigate their algebraic properties. Finally, we prove some
properties of necessity and possibility operators of g-rung orthopair
fuzzy matrices.

1. INTRODUCTION

The concept of an intuitionistic fuzzy matrix (IFM) was introduced by
Khan et al. [3] and simultaneously Im et al. [2] to generalize the concept of
Thomason’s [28] fuzzy matrix. Each element in an IFM is expressed by an
ordered pair <uaij s Vag ). The sum Ma;; +Va,;; of each ordered pair is less than
or equal to 1. Further, Emam and Fndh [1] defined some kinds of IFMs, also
they construct an idempotent IFM from any given one through the min-max
composition. Pal [9] introduced the intuitionistic fuzzy determinant and [4]
defined some basic operations and relations of IFMs including maxmin, min-
max, complement, algebraic sum, algebraic product etc. and proved equality
between IFMs. Mondal and Pal [6] studied the similarity relations, together
with invertibility conditions and eigenvalues of IFMs. Zhang and Xu [31]
studied intuitionistic fuzzy value and introduced the concept of composition
two intuitionistic fuzzy matrices. Muthuraji et al. |7] obtained a decompo-
sition of intuitionistic fuzzy matrices.

Yager [29] introduced the concept of the Pythagorean fuzzy set (PFS) and
developed some aggregation operations for PFS. Pend and Yang [10] proved
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some results on pythagorean fuzzy sets. Zhang and Xu [32] studied various
binary operations over PFS and also proposed a decision making algorithm
based on PFS. In [16] Using the theory of PFS, we defined the Pythagorean
fuzzy matrix (PFM) and its algebraic operations, they constructed nA and
A" of a Pythagorean fuzzy matrix A and investigated their algebraic prop-
erties. Then [20] we have developed Hamacher operations on Pythagorean
fuzzy matrices and investigates their algebraic properties. Further [21] we
constructed n.,A and A™" of a Pythagorean fuzzy matrix A and inves-
tigated their algebraic properties. Recently, Yager [30] again proposed the
concept of the -ROF'S, in which MD u and NMD satisfy u?4+v9 <1 (¢ > 1).
We can see that the IFS and PFS are special cases of ¢-ROFS. As g-rung in-
creases, the range of processing fuzzy information increases. In recent years,
the topic of information aggregation has attracted a lot of attention and is
one of the key research issues in the problems of MAGDM. As far as -ROFS
is concerned, different aggregation operators have been introduced and ap-
plied, such as -ROFWA and q-ROFWG operator [5]. In other words, IFS
and PFS are two special forms of g-ROFS, which means that the -ROFSs
are able to handle higher levels of uncertainties. Using the theory of g-ROFS,
we introduced the g-rung orthopair fuzzy matrix (PFM) and its algebraic
operations are defined [26]. Then we constructed nA and A™ of a q-rung
orthopair fuzzy matrix A and investigated their algebraic properties. Since
the appearance of Fuzzy matrix, IFM, PFM, Fermatean fuzzy matrix theory,
several researchers have importantly contributed to the development of this
theory and its applications (see, for example, [8,11-15,17-19,22-25, 27]).
The focus of this paper, we have developed the Hamacher operations of
g-rung orthopair fuzzy matrices and proved their algebraic properties.

This paper is organized as follows: In Section 2, we shall develop the
Hamacher operations of g-rung orthopair fuzzy matrices and analyze some
desirable properties. In section 3, some results on complement of g-rung
orthopair fuzzy matrices. In section 4, we constructed Hamacher scalar
multiplication (n.,A) and Hamacher exponentiation (A”*™) operations of
g-rung orthopair fuzzy matrix A and investigated their algebraic properties.
In section 5, we prove some properties of necessity and possibility operators
on g-rung orthopair fuzzy matrices. Section 6 concludes the paper with some
future directions.

We introduce the Hamacher operations of g-rung orthopair fuzzy matrices
and examples are given.

2. HAMACHER OPERATIONS OF Q-RUNG ORTHOPAIR FUZZY MATRICES

In this section, we define the Hamacher operations of g-rung orthopair
fuzzy matrices and then analyze some desirable properties these operations.

Definition 1. Let A = [<,uaij, Va,j >] and B = [</$bij, I/bi].>] be any two
g-rung orthopair fuzzy matrices of the same size, then we have:
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(i) The Hamacher sum of A and B is defined by AH;, B = (), where
<1a 0> ; if </~Laij7 Z/aij> = <]-7 0> s <,ubij7 Vbij = <170> 5

1 1
I q q a a4\ g q 4 3
Qij = Hag; & My, = 2Hag; ;) 0 Vai;Vy,; ! .
g ! | =5 R — , otherwise,
L= pia; 1, Vaij; + Vp,; — Vaij Yy,

for all 4, j, and
(ii) The Hamacher product of A and B is defined by A, B = (f;;),
where

<07 1> , if <lu’aij7yaij> = <0’ 1> ) <l’Lbi]” Vbi; ) = <07 1> )

1
o q q q 4 o4 4\ 3
ﬁl] - 'uaij p’bij Vaij + Vbij 2Vaij l/bij 1 .
7 7 R , 7 T , otherwise,
Ha; + /*‘bij — Hay /*‘bij

— z/al.j l/bij
for all 7, j.

Q=

Example 1. For understanding the -ROFM better, we give an instance to
illuminate the understandability of the g-ROFM.

A
1.0
q-ROFM
PFM
IFM

Y

F1GURE 1. The Comparison of grades space of IFM,
PFM and q-ROFM.

We can definitely get 0.9 + 0.6 > 1, and, therefore, it does not follow the
condition of intuitionistic fuzzy matrices. Also, we can get (0.9)2 + (0.6)? =
0.81 + 0.36 = 1.17 > 1, which does not obey the constraint condition of
g-rung orthopair fuzzy set. However, we can get (0.9)? + (0.6)9 < 1(¢ > 1).
which is good enough to apply the -ROFM to control it. This development
can be evidently recognized in Figure 1. Here we notice that I[FMs are all
points beneath the line pq,; + vq,; < 1, the ¢-ROFMs are all points with
ugw + 1/31,], < 1, and the ¢-ROFMs are all points with pd,, +vd,; <1 (¢ >1).
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We see then that the ¢-ROFMs enable for the presentation of a bigger body
of nonstandard membership function then IFMs and PFMs.

Lemma 1. For any two real numbers a,b € [0, 1], the following inequality

holds . .
alb? q < a? + b7 —2a9p7\ ¢
al +07 —qib? ) — 1 — aibe '
Lemma 2. For any three real numbers a,b,c € [0,1], the following inequal-
ities hold. If a < b then

) alct J bict 7
D) S\ )
a? + c? — alc? b1 + ¢ — bict

(i) <aq+cq—2ach>}z < <b‘1+cq—2chq>;.

1—alct 1 — bic

The relation between Hamacher sum and Hamacher product is established
by the following theorem.

Theorem 1. Let A = [<,uaij, I/aij>] ,B = [<,ubij, Vb, >] be any two g-ROFMs
of the same size, then AU, B < AW, B.

Proof. By using Lemma 1,

1 1
¢ q 1 q q ¢ ,q \ =
Ha; Hp, ; ! < Hai; + Hp,; — 2pta; 1 by \°

lugij + 'U’Zij - Ngijlu’gij - 1- Mg”’ugij

q q a . 4q q 4
Vaij + Vp,, 2vay by > Vaij Vp,, !
=\ 7 4 4 4 ’
Aij bij @ij by
for all ¢, j.

7 34
By Definition 1, it follows that ALl B < AH, B. U

and

Q=
=

1 —vay, Vp,;

Theorem 2. For any g-rung orthopair fuzzy matrix A,
(i) AH, A> A,
(i) AL A< A

Proof. (1)

1 1
A A= 2ptay; — 2a5; | * < Vay; ! > e
1-— agj T\ 204, — Vg,

- 1 1
2,uqi. q yqi,_ q
[(G) () )] = o)
L 1+/’Laij 2 Vaij

Since . .
204, Vg,
pi o< Mg g > D
! 1+ Hagj ! 2- Vai;
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AH, A> [<,u%., Va, >] , for all 4, j
> A

(ii) It can be proved similarly. O

The following theorem is obvious. The operations Hamacher sum and
Hamacher product of -ROFMs are commutative as well as associative, and
the identities for Hj, and [}, exist.

Theorem 3. Let A = [(fta;;: Va;;)], B = [(uvyy )]s C = [(pteyy ve)]
be any two ¢-ROFMs of the same size, then
(i) AB, B =B, A,
(ii) (AB, B)E, C = AB, (BB, C),
(iii) AQy, B = B, A,
Definition 2 (|31]). The m x n zero -ROFM O is a ¢-ROFM all of whose

entries are (0,1). The m x n universal -ROFM J is a -ROFM all of whose
entries are (1,0).

Theorem 4. For any g-rung orthopair fuzzy matriz A, then
(i) ABL,O=0H, A=A,
(i) AR J=J0E, A= A,
(iii) AB, J = J,
(iv) AELO =0.
The set of all -ROFMs with respect to the Hamacher sum and Hamacher
product form a commutative monoid. The Hamacher operations do not obey
De Morgan’s laws over transpose.

Theorem 5. Let A = [<,uaij, Va, >] , B = [<Hbij7 Vbi; >] be any two ¢-ROFMs
of the same size, then

(i) (A@, B)T = AT @, BT

(i) (AG, B)Y = AT O, BT,
where AT is the transpose of A.

Theorem 6. Let A = [<,uaij, Va,j >] ,B= [<,ubij,1/bij >] be any two ¢-ROFMs
of the same size, if A< B, then A, C < B[, C.

Proof. Let pa;; < pp,; and vg,; > vy, for all 4, j. By using Lemma 2,

L q 4 7
< gy 1y )q < Fyy Heis !
/’Lgij + Mgi]’ - :u‘gij/'l/gij N MZU + Mgij - /‘Zij/‘gij 7

1
q .9 ] q . q :
Yy, Veii > < VaijVeiz ) !
q q q 4 = q q q .4 )
Vb,‘j + Ve — Z/bij Ve Va; + Ve — Vag Ve
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for all 4, j.
Therefore, AL, C < B, C. O

Theorem 7. Let A = [<,uaij, Va, >] , B = [<ubij,l/bij >] be any two q-ROFMs
of the same size, if A< B, then AH, C < BH,;C.

Proof. Let pqa,; < pp,; and vg,; > vy, for all 4, j. By using Lemma 2,

ij )

1 1
(Ngij + :ugij - Qlugij:ugij> a < 'u’gij + Mgil’ B 2'u'gij'ugij !
1—- /’Lg«ijlu“gij B 1- Nzijﬂgij ,

a4 qa 4
1- Uy, Veis 1 — v, ve,;

1
q 9 9,9 4 \q q q N
(Vb”' + Ve = 2, VCU) > (V"” + Vey — 2ay VC”) q

Therefore, AH;, C < BH, C. O

Definition 3. Let A = Kﬂaip uaijﬂ and B = [<Mbij7 Vb, ] be two -ROFMs
of the same size, then we have:
(1) AV B = [(max {pa,,, to,, } ,min {va,, v, })],
(i) AAB = [(min {pa,,pm,, } max {ve, 1, })]
(i) A” = [(Vas;: ta;;)]-
Theorem 8. Let A = [<,uaij, Va, >] , B = |:<IU/b7jj7Vb7;j >] be any two q-ROFMs
of the same size, then

(i) (AAB)@, (AV B) = A, B,
(i) (AAB)O, (AV B) = A, B.

)

Proof. (i) (AN B)H, (AV B)

= |:(m1n {Na” ) ,U/b” } Y max {Vaij’ Vbi]' ) EBh (maX {Ha” bl ,U/b” } I mln {Vaij’ Vbij ):|

q

min {ugij , “Zi_,- } + max {ugij, ;Lgij } — 2min {ugij , ﬂgij } max {ugij, uZij }

1 — min {/J“gij? Mgij } max {:u’gij ’ ,U'Zij }

Q=

q q : q q
max {I/aij, V., } min {l/aij Vi, }

g 4 : g a | _ q 4 : q 4
max {Vai]. Vi, } + min {l/ai]., V., } max {I/aij Vi, } min {I/aij, V., }

1 1
pas +pd o —2ud ol \ e va v “
_ " by 170y by A, B
B 1—pud u N4t g e h =
Haij Hp, ; aij bij ai5 Vb

(ii) It can be proved similarly. O




I. SILAMBARASAN 7

3. ON COMPLEMENT OF Q-RUNG ORTHOPAIR FUZZY MATRICES

In this section, the complement of a ¢g-rung orthopair fuzzy matrix is used
to analyze the complementing nature of any system. Using the following
results, we can study the complementing nature of a system with the help of
the original g-rung orthopair fuzzy matrix. The operator complement obey
De Morgan’s law for the operations By and [J,. This is established in the
following theorem.

Theorem 9. Let A = |:</’Laij’yaij >] , B = |:<lubij7ybij ] be any two
g-ROFMs of the same size, then
(i) (A@, B)¢ = A“ [, BY,
(ii) (A, B)Y = A° @), B,
(iii) (AH, B)¢ < A“®, B,
(iv) (AQ, B)Y > A° [, BC.
Proof. (i) A° ), B¢

1 1
_ Vgij Vgij ! ugij + ’u'gij B 2/1,31.]. Mgij !
Vgij + ng‘j N Vgi]' Vgij ’ 1- Mg” 'ugij
= (Am®, B)".
(ii) A¢ @, B¢
1 1
q q

a a q .4

- — a4 a
1 Vai; Vs,

My

1] ij

’ </J“gij + Mgij - :U’gijﬂgij>
= (AO, B)C.

(iii) (A B, B)¢

1
q q q q q q q
Vai;Vp,, Pag; + My, — 2/'l’aijubij ?
- q q q q ’ q q
Vaij + Vbij - l/ai]' Vbij 1 - 'uaij'ubij

Q=

A m, B
~ ) 1A
q q q .9 \ 5 q 9 .
B Va;; + Vp, — 2vq,; Vo, \ Faig My, a
- qa 4 J q q q . q
1 - Vaij Vbij Naij + ubij - 'u’a’ij Mbij

By Lemma 1, for all 7, j

1 1
q 4 7 q q g 9 \ g
Va; Vs, a _ Vay; +Vy, — 2vq,; Vs, \
q q 7 = q 4 ’
Va; + Vi, — Vai; Y, 1 —va,, Vp,;

1
ugij + ,U'Zi]. - 2/1’32'3'#2” a > Mgijﬂgij
1— q q = q q9 _ 4 q
/’Laij ,ubij :uaij + sz‘j /"Laij sz‘j

Q=
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Hence, (A, B)® < A° @, BC.
(iv) It can be proved similarly. O
The following theorem is obvious.
Theorem 10. Let A = [<,uaij, Va, >], B = |:</’Lb7,'j7 l/bij>] be any two
q-ROFMs of the same size, then
(i) (A, BY)Y = AW, B,
(ii) (A° @8, BY)Y = A, B.

4. SCALAR MULTIPLICATION AND EXPONENTIATION OPERATIONS
OF Q-RUNG ORTHOPAIR FUZZY MATRICES

We defined the following operations over Hamacher operations on
q-ROFMs. In this section, we construct Hamacher scalar multiplication
(n.pA) and Hamacher exponentiation (A”»™) operations on g-rung orthopair
fuzzy matrix A and investigate their algebraic properties.

Based on the Definition 1, Hamacher sum and Hamacher product over
two -ROFMs A and B are further indicated as the following operations.

Theorem 11. Ifn is any positive integer and A is a PFM, then the Hamacher
scalar multiplication operation (.p) is

1 1
(o) (aom)
1+ (n—1Dud,;) "\n—(n—1vg, ’

where n., A= AH,, ... Hy A.
—_———

n

(1) n.,A =

Proof. Mathematical induction can be used to prove that the above equation
(1) holds for all positive integer n. The equation (1) is called P(n). Using
the above Definition 1, Hamacher sum A H;, B we have:

_ ) A
lu‘gij + :ugz] - 2//(‘21]“2” q Vgij Vgij q
A.hA - q q ) q q q q
1- Hag; Hagj Va,; + Va;; — VajVay;
1 1
1—aj \2va;; — vay
q ¢ \\ 1 g 1
2uaij (1 - ,Uzaij) ( Va,; ) q
1- agj ’ Vgij (2- ng‘j)

1 1

2Mgij(1 - /"Lgij> > 1 ( ng‘j ) a
1
q
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Q=

241

q

Va; a

2pA =

(

since Mgij = (2 - 1)///3“;

1+(2- ]'):U’gij

)

{

)

2 (2 1),

)

)|

1 1
A= nfla, Z Vi, “
h 1+ (n—1)pud,) "\n—(n—1)v, ’
P(n) holds.
Suppose that equation (1) holds for n = m, i.e.,
m.p,A=AB, .. B, A
m
1 1
-|\(osnm) - Gemm)
B 1+ (m - 1)//’31']' "\m— (m - ]')ng‘j
Then,
(m + 1).hA = ((mhA) H;, A)
1
q q 7
mﬂaij m/,La,L] q q
-2 s
|| TF e g, T T A e g, M
mug. . ’
1-— M N
1+ (m - 1):“21']' Hass
q 1
Va,; i q
m—(m—1)vd, "
Vgi] 44 Vgij 4
m—(m—1vd, " m—(m—1wd,
i 1
_ lugij (m + 1)(1 B lu’gij) (Ugij)z g

(1 +mpa,;) (1

I§
I§

(m + 1)Ngij
1+ mug,,

(m+1

1
q
)

,Uam

>q’<ugij(

q
1z

- /Lgij)

(

q
aij

q

m—+1—my,

m+1—mvi,))

)

q
Vai

q

'

(G

So, when n = m + 1,

)
)

n.,A=AH, ..

(m + 1) - 1]ualj

)"

/), A

<m +1- [(m + 1) - 1]ng‘j

)
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_ MG, g Vi g
B 14+ (n—1)ud, n—(n—1)vg, ’
also holds.

Using the induction hypothesis that P(n) holds for any positive integer
n. g

Theorem 12. Ifn is any positive integer and A is a PEM, then the Hamacher
exponentiation operation (Ay) is

1 1
=mm) (o)
n—(mn-pd,; ) "\1+(@n—-1)vd, ’

n

—
where AN = A0, ...y A.

() AN =

Proof. Mathematical induction can be used to prove that the above equation
(2) holds for all positive integer n. The equation (2) is called P(n). Using
the above Definition 1, Hamacher product A [, B we have

A << I T )é | ( + oy = 2quz¢jugij>é >]
|\ \Hay; + Hay; = Hag; Hag, 1 = va;;vay;

1a,, )‘11 <2V3ij - 2V3ij>‘11 >]
2ptdi; — Haiy ) 1 —va,

o) () )
pay (2 —pay)) "\ 1-vi,

o) (o) )

(2—pdy;)) T\ —vd,) (1 +vd,))

(
(
(
<<2/—Lgﬁzm>>;’<12+ygiéw>; >]
|
(

A/\hq —

1 1
) (o)
- (2 - 1)/’l’gij A1 + (2 - l)ygij 7

since pg

A — <

P(n) holds.
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Suppose that equation (2) holds for n = m, i.e.,

m

/\hm_’_,_
A =A0, .00, A

1 1
o) (o)
m—(m—1ud,; ) ~\1+ (m—1)vg, '

So, when n =m + 1,

2
A/\hm—i-l — Naij
m+1— [(m + 1) - 1],“@7:]'2

n

ApT
A =A0, .00, A

i g Wz g
n—nm-ud,;) "\1+ (-1, ’
also holds.

Using the induction hypothesis that P(n) holds for any positive integer n.
O

Q=
VR
[y
+
88
+|+
= =
S— | N—
| gtn
— <
S
ol
~__
Q=
~—

Next, we prove the result of (n.,A) and (A"*") are also -ROFMs.

Theorem 13. For any PFM A and for any positive integer n, then (n.,A)
and (AM™) are ¢-ROFMs.

Proof. Since 0 < ugij <1,0< ng.j <1,0< Mgu + Vgij <landn>1, we
have:

n—(m-lvl =0-vl )n+v >vi >0.

Then, it is easy to get that

q 1 q z
NHa;; B Va;; ?
— ) 20, (—F——=5] >0
<1+(n1)ﬂgi]‘> - <n(n1)ugij>

Considering that
Lt (n = Dpg,, = nug, +1 = pg, = npig,
and

n—(m-Nvl =vi +nl-vi)=vi,

”M%><1 (l&j <1
I+(n—Upd,) =7 \n—(m-10vi,) ~

we get

Q=
Q
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For pd,, +vd,, <1,0<vi, <1—pd,, it can be got that:

1
-
1+ (n—1)ud,, n—(n—1)vg,

Q=

q 1 i

Ng, . q 1
14 (n— 1):U“aij T = (n—1)
1z

q 1 g

Na;; ¢ 1
S(1+(—]1)q> e
n Hai; T (n—1)
— Hayy

=1.
Thus,

q 1 q q
0< <W‘“j 7 )q <1, 0< (V‘“j 7 >q <1,
L+ (n—1)pa,; n—(n —1)va,,

q 3 q
( s q >q + <Vaij q >q <1
1+ (n—1)pa,, n — (n —1)va,,

Similarly, we can also get

q 9 q 9
og< AL >q§1, os(%”' q>q§1,
n—(n—1)ua, 1+ (n—1)vg,

q 7 q 3
( - q )q + (mjaij q )q <1
n— (n —1)ua, 1+ (n—1)va,
Hence, (n.;)A and (A"»™) are g-ROFMs. O

SO

and

Theorem 14. Let A = [<,uaij, Va, >], B = [<ubij, I/bij>] be any two
q-ROFMs of the same size and for any positive integers n,ni, na.

(i) (nl.hA) Bﬂh (ng.hA) = (n1 + ’rlz).hA,

(ii) (n.nA) By (n.p.B) = n.p(ABy, B),

(iii) ANw™ [y, ANm2 = ANn(natnz)
(iV) AN Ly, B/ = (A Ly, B)/\hn,
(V) ng.h(nl.hA) = (nlng).hA,
(vi) (AN = gha(mne)

Proof. In the following, we shall prove (i), (ii), (v) and (iii), (iv), (vi) can
be proved analogously.
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(i) By equations (1) and (2), we have:

[ q
N1 a,;
BA = =
e <<1+(n1_1)ﬂg¢j>

1
(=)
"\np—(ng — 1)1/gij
= [<sz‘j’ybz‘j>] )
i q

nalla,;:

no.n A = Y
2 <(1+(n2_1)ﬂgij)

,<n2 - (::— 1)1/31-]-); >]
= [(es; s Ve, )]

BH, C = (n1.,A) By (n2.,A),

Q=

Q=

where

1
q q q ,q - q 4
P, T Heij — 2/%”-/%“ ! Vb, Veis
B, C = 1— 7 42 I
'U/bij MCZ’]’ bij Cij bij Cij

We can further get:

Q=
\/

1
Nb + /’ch] - 2/~Lb N%)

- /’[/b ILI/CIJ
1/‘La” 2/”40‘” o nl.LLa,LJ nZ/La” q
B +(n1—1pag,, 1+(n2—1)u3ij 1+(n1=Dpd,; 1+(n2—1)ud,;
1 nipg,; n2pg;
l+(n1_l)ﬂgij 1+(n2_1)iu’g¢j

1
nl,ua” 1+ 712,“(11J Mgij) + anu’gij (1+ nllu’gij - H’gij) - anugijnlugij> ?
(1+ nl/‘l’aij - /"Lgij)(l + nQILLgij - lugij) - nlﬂ'gianMgij

1

(
( (n1 +n2)pg,; — (n1 + n2)a; ) ‘
(i

1 + nl + ng — 2)/1/(1”' - (nl +no — l)alqj

1
nl + nQ)/’La” (1 - /"[’g”> ) 4
nl + ng — 1)/’Laz])(1 - /"Laz]> ’

1
(nl + TZQ),U/gij a
nl.hA = q
1 + (nl + ng — 1)“@13

1
q q 9
I/bi j I/Cij !
q q _ .49 .4
ybij + Vcij l/bij Z/Cij

and
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q
Va;

q
Va,;

nlf(nlfl)ugij ngf(ngfl)ugij

q q q q
Va,; Va,; Va,; Va,;

nlf(nlfl)ugij ngf(ngfl)ugi]. o nlf(nlfl)ugij ng—(n2—1)

q
Vai;Vai;

q q q
<V(1ij (n2 + Vag; — nQVaz'j)

1
q 1
< Va; ) q
q q q q a ’
(n2 + Va;; — n2yaij) + (nl + Va;; — anaij) — Vay,

1
. 1
V4. q
ng.hA = e > .
<(n1 +ng) — (n1 +ny — 1)vd,,

Since

q

q q q q
+ Va;; (77,1 + Vaj; — anaij) — Va;;Vay;

+ &
(n1+n2).hA: <(1+(n1 nz)u ij

q Vaij
(n1 +mn2 — 1)#3,) ’ <(n1 +n2) — (n1 4+ ng — 1)vd,

we can finally get (nq.,A4) B (n2.pA4) = (n1 + na).pA.
(ii) By equations (1) and (2), we have:

Va,,
"\n—(n—-1)vd,

=
Q=

[ q
Nfha,;
n.p, A= _
" <1+(n_]‘)lu’gij>

= [</‘bij7’/bij ] )

|
GS.Q
Q=

q
iy,

n.,B = _
1+ (n— 1),ugij

= [(Hess> vei, )]
B Bﬂh C = (nhA) Bﬂh (n.hB),

Py, + 1y — 205,

BH, C =
— d 4 | T q
1 Mbij Hcij Vbij + VCZ] Vbi VCZJ
We can further get:
q q q q
Iy, T Hegy — 24ty ey

a q

1- i, Hei;
1
q q -
n#gi]- Ty, Tbugij Ty, a

Ec + Lrn—Duf -~ "1+ (n-Dud,; THn—Duf,

q q
ha;; n”bij

]_ _
T Dul, THo—DAf,

Q=

)

)

1
q

Q|
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q q q .4
( A) NHa;; + n,ubij - 2n/~Laij,ubij
n.p,A) =
q q q 4
1+ (n - 1)(:“’(1@']' + ,U/bij) - (QTL - 1)/1«11-]-#(,”
and
1
vl uvd q
by Cij
q g _ . q .4
Vbi]' + Vc’ij Vbij Vcij
1
q q q
Vagj oiz ¢
n—(n—l)ygij n—(n—l)ugij
= q g q g
l/aij . + Vbij . _ Vaij . Vbij .
n—(n—l)l/aij n—(n—l)l/bij n—(n—l)uaij n—(n—l)ubij
q .4
_ Yais Vb,
- a 7 _ .4 q a _ . .a\_ 4 .4
Iz (n+ Vb, nubij) + Vb (n+ Va,; m/aij) Vai;Vy,,
q .4 H
(n.,B) Yais Yy !
hD) = q q qa 4
n(va;; + Vbij) —(2n — 1)Vaij’/bij
Thus,
1
q q q q =
Hag;+ 1, . —2pa,; Hy, a
q q
(AB, B) ey
n. =
e |4 (n 1)ty 2 ]
n— /a—
17“(12‘]'”{;1.].
Vgl.j Vgij q

1
nﬂgij (1 + nﬂgij - Ngij) + ”MZZ.J. (1 + nﬂgzj - Mgij) - 2nugijnugij a

(1 + n:uzij - Mgij)(l + n/‘gzj - :ugij) - n/ﬁgijn/lgij

Q=

q 7 _d 4
Vaij+ybi]- V“ijybij

g q
Va;;Vy,

q T
Vaij +Vbij Vaij V.

n—(n—1)

q q q 4
NHa;; + nlu'bi]. - Qn:uaijlu'bij

1 + (n - 1)(,“21] + ,UZ”) - (2n - 1)“31]!“2”

q .4
Vai;Vy,,

n(Vgij + Vgij) - (zn - 1)Vgijygij

Comparing above results, we can finally get

(nhA) Eﬂh (nhB) = nh(A Eﬂh B)

Qe

)
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(v) By equations (1) and (2), we have:

1 1
ni.pA = ( nifa; ) ! ( Vi ) 7
' L+ (ni—Dpd,; ) " \ni—(n1— 1),
= [(tvs;- v3,)]
1 1
nalyp, . q Vy, . q
n(nrpd) = ” 4 |
ren(rnd) <<1 + (n2 — 1)/’Lbij) ’ <n2 = (n2 — 1)Vbz‘j) >]

We can further get:

Q=

nl,U/aU
1

< T2Mb;; )q _ 1 + (n1 — l)ﬂgij
1+ (n2 — ]‘):ubij nl:u’gij

1 —1
" (”2 )1 + (nl - l)ﬂgz‘j

1
. ( nl”?,ugij )q
1+ (ning — 1)Mgij ’

and
1
1 Vg” !
( Vb, )q _ (ny — 1)1/(1”
ng — (ng — 1)y, v
2 ( 2 ) b” ny — (ng — 1 aij ;
n1 — (n1 — 1)Vaij
_ Va” a
ning — (ning — Lvd,; )
Since
q H q :
’]’Ll’]’LQ'LLa.. q V(I" q
B)A = Y Y
iz ) <<1 + (ning — 1)Mgij> ’ <n1n2 — (nang — 1)’/31-3-) >] ’
we can finally get na.p(ni.pA) = (ning).pA. O

Theorem 15. Let A = [<,Ua¢j, Va,; >], B = [<ubij, Vbijﬂ be any two
q-ROFMs of the same size and for any positive integer n.
(i) n.n(AA B) = (n.,A) A (n.,B),
(ii) n.p(AV B) = (n.,A) V (n.pB),
(iii) (AA B) ™= AM™ A BM™
(iv) (AV B)'™ = AM™y B/,

Proof. In the following, we shall prove (ii), (iv) and (i), (iii) can be proved
analogously.
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(i) Since
(AN B) = [(min {/’Laij7/'1’bij} ,max {Vq,;, U, NE
n.p(ANB) = [<”Cij’ Veis >] A = [<'udij’ Vd;; ] ’
nnB = (e, ve;)]
where )
nmin {0 3\
Heiy = : p p )
1 + (n — 1)(mln {ua‘ij’ubij })
1
(max {l/gij , Vgij }) g
Ve = q 4 ’
n — (n— 1)(max {Vaiw’/bij })
we have
1
n(min {MZU. , ugij }) a
Heig = {0
1 (n = 1)(min {pud;, i, })
1 1
= min < Lugij ) E —nugzj ’
1+ (n - 1):uéqlz‘j ’ 1 + (n - 1)”2”- ’
= min {Mdij y He;; } )
1
(max {Vgij, I/gij }) q
Ve, =

n— (n— 1)(max {1, 7, })

]

1 4
= max S Vgij ‘ ng'j !
o n—(n-— 1)Vgij "\n—(n- 1)I/gij ’

= max {Vud,-j , Veij} .
Comparing the above equations, we get:

(n.,bA) A (n.p,B) = [<min {Mdij?ydij} , max {,ueij,yeij }>} ,

= [min { ( nfia, ) i ( Vi ) : }
1+ (n—1pud,) "\n—(n—-1)v, ’
1 1
w(mamm) (=)
1+ (n— 1)ugij "\n—(n- 1)1/;)1”

Thus, we have n.,(A A B) = (n., A) A (n.,B).
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(iii) Since

then
(A A B)/\hn = |:<:u’Cij7 Vcij>] ’
AN = [(udyyovay )], B = [(tiey veiy)]
where 1
(min {Mg”’:u’g”}) ’
Heiy = . q q ’
n — (n — 1)(min {,uaij,,ubij })
n(maX {Vgijﬂ Vgij })
Ve = ’
1 + (’I’L — 1)(maX {l/gij7 Vgij })
we have
(min {,U/gij ; /’LZ” }) !
Hei; = ; q q
n — (n — 1)(min {uaij,/lbij })
‘ 1 q G
~ in ( b, > L TR
n—(n—1Nua,;) n—(n—l)ugﬁ 7
= min {/szi]-,,uzeij} )
1
n(maX{Vgij;Vgij}) !
Vi =

1+ (n—1)(max {yaqij, Ugij})

1

l £
= max — mjgij ! nl/gij !
1+ (n— 1)1/31,], N1+ (n— 1)ygij ’

= max {udij, yeij} .
Comparing the above equations, we get:

AP A BN = [(min { g, va,, § o max {pe,;s Ve, )]

1 1
min < Hay > ! < Wiy, > !
n— (n - l)ﬂgij "1+ (n - 1)Vgij 7
1 1
q 7 q 7
- Mbij q anij q .
n—(n— 1);12”_ 1+ (n— 1)Vgij
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Hence,
(A/\B)Ah" = AM" A BT O

5. NECESSITY AND POSSIBILITY OPERATORS
ON Q-RUNG ORTHOPAIR FUZZY MATRICES

In this section, some properties of necessity and possibility operators on
g-rung orthopair fuzzy matrices are verify.

Definition 4. For any g-rung orthopair fuzzy matrix A, the necessity (0)
and the possibility (¢) operators are defined as follows:

1

= (-2 )]
oa=[((1-v,)" vy )]

Theorem 16. Let A = [<,uaij,vaij>], B = [<Mb¢jaVbij>} be any two
q-ROFMs of the same size, then

(i) O(A8B, B) =0AH, OB,

(ii) O(AH, B) =0AHB, 0B.

Proof (i) O(A B}, B)

)0
1 q q q q 1
Piiy + My, — 2Mai ) © | Has + My, — 2ai; My, \ @
1 — il 103, ’ 1= i iy, ’

Pii; + My, — 2Hag . : (1= pag;) (X = gz i
<< 1_’%””21& ) 7( 1_Mgij'ugu ) > 7
OA
A

1
_ - Va.; I/gij Va,; l/gij q
Vi, + I/gij — Vg, Vgij "\ v, + I/gij — Vg, ygij ’
Va, + vl —2vd vl @ va v i
. J i Ay Ay
- < ( Vs ng'j ~ Vi ng'j ) ’ <Vg'ij + ng'j ~ Vay ng'j) > ’

— OAM, OB. 0

Q=

Theorem 17. Let A = [<,uaij, Va, >], B = |:</’[’b7jj7 Vbijﬂ be any two
q-ROFMs of the same size, then

(i) O(AE, B) =0A L, OB,

(i) O(AD, B) = 0AE, OB.
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Proof. (i) O(AE}, B)

1
B ,U/gij Mzij 1 Ngij ,UZZ.]. q
péy + 1, — Hagmg, ) Wiy + 1y, — Ha i, ’

- 1 1
_ 'ugijugij ! Mg’ij ™ 'ugz'j B 2/1«31-]-#2” !
Mgij + :LLZZ] - Mgz]:ugz] ’ lu’gz] + /,LZ” - /,I/ZU,U/Z” ’

— 0A@, OB.
(ii) O(AE, B)

r 1 1
q 4 9.9 9 \ 7 q 4 9.9 .9 \ 7
B ) Va;; + Yy, 2vq,; Vp,, \ Va;; + Vp,, Az Voo \
- - 4 q ) 4 q )
1 —vay, V., 1 — vy, V.,

i q q 1 q q a a \
B (1- yaz.j)(l — Vbij> q Va;; + Vp,, ~ 2vy,; Vs, ) *
- q q ) q q ]

1 —va, Vp, 1 —va, Yy,

— 0AD, OB. 0

S

Theorem 18. Let A = [<Maij,1/aij>], B = |:</’Lbij7ybz‘j>} be any two
g-ROFMs of the same size, then

(i) (O(AC 8, BY)) = 0AE, 0B,

(ii) (O(AC @, BY)C = 0A M, 0B.
Proof. (i) O(AC 8, BY)
- Vgij + l/gij — QV;IU ygij 7
) 1— I/gij Vgij 9
B [ I/aqij + I/gij — 21/32,].1/5%
= 1 — v, vy,
= 0AD, OB.
(ii) O(A% @, BY)

1
q q -
(1 - Vaij)(l - Vbij)
) 1-— Vgingij
c c\\ ¢
(D(A H, B ))
q . q 1 q 4
Vay; Vy,, q . Vai;Vy,,
= q q q 4d ) — 4 q q g
Vaij + Vbi]' — l/aij I/bij Vaij + Vbij - Vaijl/bij

Q=

Q=

\/

q 9 _ 9,4 4
Va;; + Vp,, 2vq,, Vp,
- — 4 4
1 —vqy, Vi,

1 1
q q 7 q q g 4\ g
(1 —wva;,;)(1 = Z/bij) T Vay + Yy, = Wayvy,
— 9 4 ’ _ 9 .4
1 —vay, V., 1 —vay, Vp,;

\/

Q=
\/
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i q 4 a q q g 9\ 3
B Va; Vs, ¢ [ Vay TV, — 2vq,; Vs, \
- q q q 4 ’ q q q 4 )
Va; + Vhs; — Vai;Vy,; Va,; + Vp; — VaisVy,;
c c\¢
(O(A” &, BY))
i q q a9\ 5 q .4 :
B Vay; vy, — 2vq,; Vi, \ Vai;Vy, a
- q q q 4 ) q q q 4 )
Va,; + Vp, . — Vag, I/bij Va; + Vbz‘j — Vay; l/bij
=QAH, OB O

Theorem 19. Let A = [(fa;;:vay;)], B = [(t,; ;)] be any two

g-ROFMs of the same size, then

(i) (0(AC®, BC))C =040, 0B,
(ii) (0(AC @, BC))C =0Am®, OB.

Proof. (i) O(A¢ B8, BY)

q ,q
Ha;; ,ubij

Q=

q ,4q
Ha;j “bij

G
{

(O(AC B, BY))©
Hai; My,

q q q q
Hag; + H,; = HaijHp, ;
[ q q q q
/"Laij + :U“bij - QILLa/ijl'j/bij

q q q q
luaij + :ubij - Iu’aij Nbij

)g

)
{

q 7 _ . d 4
Hai; +“bij Haij Hp, ;

)

) (
q q
/"Laij /Lbij

q q q q
/‘I’U«ij + Mbij - luaij :ubij

Q=

lu‘gij + :U'gij - 2/~Lgij,ugij

< (:U’gij + :UJgU - Mgijﬂgij
=0AU, UOB.
(ii) O(AY T, BY)

Hgij + Mgij - 2#3«;1”21-]-

1
) a
’

>;

Ngij + Ngij - 2H3ijﬂgij

< :ugij + MZU - Mgijﬂzij

)

1
q

)
>_

)

1 — i 1,

)

([
'<(<1 — i) (1= i)

1- Ngijﬂgij
(0(A° B, BY))©
/Lgij + Mgij - 2Mgijﬂgij

) |

Mgz’j + :U’Zij - Qllgij#gij
1 — i 1,

Q=

1 — i 1,

)

Q|

- ,Ugij)(l - Ngij)

<< 1_Mgijﬂgij

— OAm®, OB.

>;’<<1

)

1- ,ugij Mgu

>;
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Theorem 20. For any ¢-ROFM A and for any positive integer n.
(i) O(n.pA) = n.,(0A),
(il) O(n.pA) = n.p(0A),
(iif) OAM" = (OA)"",
(iv) QAN = (QA)".

Proof. (i) O(n.,A)

1
nlu’z«ij ) ¢
- )N
1 + (n - 1):“&@‘

(
5(1 (n— 1)ul, w% >]
(

1""(”_1/%”

1 + nlu’gzg lu’azj - nua”

1
< nugz] > K < 1- /"Lau
1+ (n - 1)Ngiy‘ 1 + IU"%J

)
)
- <<1 ¥ <Zu—gmi>uzﬁ>l > |
)
D)

_
N
3
|
—
3
|| =
— | |
\_/7;
N
| .
=
)
N
~—
Q=

)

1
< nugz] > 1 < 1 - Malj

Hence, O(n.,A) = n.,(CA).
(ii) O(n.pA)

I S % Vi %
n—(mn-0vd,) "\n—(n-1)v, ’

1
N ( i )
1+ (n— 1)/~Lgij ’

_
A/
3
|
—
3
I —
—| |
SN—
=
—
—| &=
~
=
Sa
S

n.,(0A) =
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I.

~— —
- o
—| o
) .
S
Va B S =)
| g | oS
X < R
) oS
S
Va hY
- +
| .
hY
E £
| _
I IS4
N~
~—— T~
—_ 1

1
—
T -
N —
)
Y o
= 7
S Q.azj
o3
e =
~— —
f = |
g R e
( SN—
- _
= N
~ ~ N———
pu -
—| o
—~ PN
S) 2 —
—~| =3 ‘e~
| o> Y S
—~ N
o3 — ~ |
N | — =g —
L= =
— | [ =
fIE sls
+ +
— —
( (
. ~—— , _/.\_
I Il

- —
_|7_ — =l
—| o
T — \l/ -
o - Sy
— f] = =T
3 2 > —| o
QM | qu __J quar N
- Q% — qua, — Py H‘WJ
SHIR =N + _ NS
e~ s X
| | (_\ qua | _ |
| | | =
— INd < <
N———
= -

N N

_ T _
Tl F|g Zle F|g
_ _ _ _
S S S S

N——— N——— N——— N——— £
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<<n_ o) u>>>] |
= [{ (o) (i) )]

Hence, JA™ = (OA) ",
(iv) QAN"

1\ 7 1
B - nvg,, q nvg,; q
N 1+ (n—1)vd,, "\1+(n—1)vd, ’

Q|

1 1
_ - nvg,; a nvg,; q
B 1+ (n—1vg,;) "\1+(n—-1)vg, ’

B /14 (n— L)vd,, — nvg,; 7 nvg,; .
N 1+ (n—1)vd,, "1+ (n—1)vd, ’
]-_ Vgij % nl/gij %
1+ (n—1vd,;) "\14(n—1)v, ’

_ ((1_Vgij)%)q i nvg,; i
- < 1+ -1 ((1-v,)7) (H(n—l)vg) > ’

a

QAN =

(0A4)™"

- <<1 n (n(l_;)y(gij)_ ,,Zij)>q | <1+<ZV—(11W>> |
(OAY — K (Hl(n__”ql)yq> , <1+(Zy—ql>uq>>] |

Hence, Q0 A" = (O A) ™ which completes the proof of this theorem. [J

6. CONCLUSION

The work has extended the Hamacher operation results under g-rung or-
thopair fuzzy environment. In this paper, we have developed the Hamacher
operations of g-rung orthopair fuzzy matrices and investigated their alge-
braic properties. We also proved that the set of all -ROFMs with respect
to Hamacher sum and Hamacher product form a commutative monoid.
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A study of the algebraic structure of -ROFMs with respect to Hamacher
operations gives us a deep insight into the applications. Then, De Morgan’s
laws are verified. Furthermore, we constructed Hamacher scalar multipli-
cation (n.,A) and Hamacher exponentiation (A"»") operations on g-rung
orthopair fuzzy matrix A and investigated their algebraic properties. Fur-
ther, some properties of necessity and possibility operators on g-rung or-
thopair fuzzy matrices are verified. It is worth to point out that the pro-
posed Hamacher operations over ¢-ROFMs will be applied to aggregating
g-rung orthopair fuzzy information in the future.
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